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Exercise 1. [Coordinates] Let (x, y) denote the standard coordinates on
R2 and de�ne new coordinates by u := x, v := y − x2.

� Show that (u, v) are smooth global coordinates.

� Show that
∂

∂u

∣∣∣∣
(1,1)

̸= ∂

∂x

∣∣∣∣
(1,1)

(Even though u = x).

Solution. De�ne Φ : R2 → R2 by

Φ(x, y) = (u, v) = (x, y − x2).

Then Φ is smooth and has the smooth inverse

Φ−1(u, v) = (x, y) = (u, v + u2).

Hence (u, v) are smooth global coordinates. For the second part, express the

(u, v)-coordinate vector �elds in terms of (x, y): since x = u and y = v + u2,
the chain rule gives

∂

∂u
=
∂x

∂u

∂

∂x
+
∂y

∂u

∂

∂y
=

∂

∂x
+ 2u

∂

∂y
,

∂

∂v
=
∂x

∂v

∂

∂x
+
∂y

∂v

∂

∂y
=

∂

∂y
.

At the point (x, y) = (1, 1) we have (u, v) = (1, 0), so

∂

∂u

∣∣∣∣
(1,1)

=
( ∂
∂x

+ 2
∂

∂y

)∣∣∣∣
(1,1)

̸= ∂

∂x

∣∣∣∣
(1,1)

.

Exercise 2. [Tangent spaces of products] Let M and N be manifolds and
let πM and πN denote the canonical projections from M × N to M and N .
Show that for p = (p1, p2) ∈M ×N , the map

Ψ : Tp(M ×N) → Tp1M ⊕ Tp2N

v → (dpπM(v), dpπN(v))

is an isomorphism.
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Solution. Let M and N be smooth manifolds and p = (p1, p2) ∈ M × N .
Choose charts

(M ⊃ U, x = (x1, . . . , xm)) around p1, (N ⊃ V, y = (y1, . . . , yn)) around p2,

and the product chart on U × V ⊂M ×N ,

(x, y) : U × V −→ Rm+n, (q1, q2) 7→
(
x(q1), y(q2)

)
.

In these coordinates the projections are simply

πM(q1, q2) = q1 ⇝ x ◦ πM(x, y)−1(u, v) = u

πN(q1, q2) = q2 ⇝ y ◦ πN(x, y)−1(u, v) = v.

Hence, at p, the di�erentials in these coordinates are the canonical coordinate
projections:

dpπM ∼=
(
Im 0

)
, dpπN ∼=

(
0 In

)
.

If we identify Tp(M×N) with Rm+n via the basis
{

∂
∂xi

∣∣
p
, ∂
∂yj

∣∣
p

}
, and Tp1M⊕

Tp2N with Rm ⊕ Rn, then the map

Ψ : Tp(M ×N) → Tp1M ⊕ Tp2N, v 7→ (dpπM(v), dpπN(v))

is represented by the block matrix(
Im 0

0 In

)
,

which is the identity on Rm+n. Therefore Ψ is a linear isomorphism.

Exercise 3. [Tangent space of the circle]

� Consider the standard inclusion i : S1 → R2. Let (x, y) be the standard
coordinates on R2, and let ϕ be the coordinate on (suitable open subsets
of) S1 given by x = cos(θ) and y = sin(θ). Given a point p ∈ S1,
compute the vector

dip

(
∂

∂ϕ

∣∣∣∣
p

)
∈ Ti(p)R2

in terms of
∂

∂x

∣∣∣∣
i(p)

and
∂

∂y

∣∣∣∣
i(p)

(with coe�cients expressed as functions

of x and y).
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